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ABSTRACT 
The Stirling numbers of the first kind, Sn ~, and of the second kind, aN ~, are shown 
to be strongly logarithmically concave as functions of k for fixed N. This result is 
stronger than the unimodality conjecture which was heretofore proved only for %r ~ 
(Harper). We also introduce a generating function for the %r ~ which is different from 
the conventional one but which has a relatively simple closed form expression. 
A set of  non-negative, real numbers, Ce (defined for k = 1 ..... N) is 
said to be unimodal if and only if there are two integers a and b (with 
1 ~< a ~< b ~< iV) such that: C~ is monotonically non-decreasing for 
1 ~<k ~< a; Ce is monotonical ly non-increasing for b ~< k ~< N; 
C~ = constant for a ~ k ~< b. In other words, the discrete graph of C~ 
has no maxima other than the principal one, but the principal maximum 
may be a plateau extending from a to b. 
A stronger property, one which implies unimodality, is logarithmic 
concavity (LC): 
C~ ~ >/ C~+IC~_ z for k = 2,..., N -  1. 
This means that the function be = ln(C~) is a concave function of k. 
Strong logarithmic oncavity (SLC) means strict inequality in (1) for all 
k. Obviously, SLC implies not only unimodality but also that the plateau 
can contain at most two points (i.e., b - -  I < a ~< b in the above defini- 
tion). 
A commonplace xample of a SLC set is the binomial coefficients (~) 
because 
N N k+l  N- -k+l  
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A useful strategy for proving SLC is to use Newton's inequality. "t I f  the 
polynomial Q(x) = ~aNCI~x k has only real roots then, for k = 2,.., N 1 
Ck2 >~ C~+ICk_I ( . _~_~)(  N k+ 1) 
N k " (3) 
Two sets that occur in combinatorial nalysis are the Stirling numbers 
of the first kind, SN k, and of the second kind aN k. We shall use Newton's 
inequality to prove they are SLC as functions of k and hence that they 
are unimodal. 
Stirling numbers ofthefirst kind (SNk): These are defined by ( 1)N-kS~k, 
being the number of permutations of N symbols which have exactly 
k cycles. It is well known [1 ] that the generating function is 
N 
SNkX k -- X(X -- 1) ' "  (X -- N q- 1). (4) 
k=l  
Since its roots are real, inequality (3) is true with Ck replaced by SNL 
Stifling numbers of the second kind (auk): These are defined to be the 
number of ways of partitioning a set of N elements into k non-empty 
subsets. Harper [2] has shown that the generating function 
hr 
PH(X) = ~ aNkX ~ (5) 
k=l  
has only non-positive real roots. Using this result (and, incidentally, 
relying on the fact that the roots are not merely real but non-positive 
as well) he showed that the au k are unimodal and that the plateau can 
have at most two points. Our point is that the reality of the roots plus 
Newton's inequality establishes the stronger result (3)for aN k, which is S LC. 
Actually, before learning of Harper's result, we proved SLC using 
a different generating function from (5). Although it gives a slightly 
weaker result than (3) it seems worth while to mention this function 
because it appears to be simpler than (5), namely, 
P(x ) -  Z aN kk! xL (6) 
k=l  
t Newton's inequality is extensively discussed in Hardy, Littlewood, and Polya, 
Inequalities, 2nd ed., Cambridge University Press, Cambridge, England, 1959, pp. 
104-105 and pp. 51-54. Note that there appears to be a requirement that notwo 
consecutive C~ vanish, but this is irrelevant for our purposes because in that event 
equation (3) is afortiori true. To obtain our inequality (3), we apply the theorem 
in the above book to the polynomial E0 u-~ C~+~x . 
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If we can show that the roots of (6) are real we obtain 
by setting 
(~N~)~ ~>"k+l"k--~ ( - -~V)~ -N 
c~= ~,?k~ (k) 
(7) 
in Newton's inequality. To investigate (6) we use the closed form expres- 
sion [1]: 
9 = (8 )  
(8) into (6), changing the order of summation, and setting Inserting 
k=p+r :  
N-~ NI P(x) = x~ -N ~.Ve Z ( - -1) ' (N p_r ) t r )  xr 
~o~1 r=O 
= ~ x~(1 -- x)N-~p N . (9) 
Equation (9) is one closed form for P(x). Another is obtained by noting 
that 
x~zN-~p N = x (x + z) ~, (10) 
whence 
P(x) = (x (x q- z) N [,=1-~ 9 (11) 
To show that the roots of P(x) are real consider 
N 
P~(x) = x (x q- z) ~ 
for fixed, real z. By Rolle's theorem P~(x) has N real roots since (x + z) N 
has. However, P~(x) is homogeneous of the N-th degree in z and x, and 
contains a term x N, Hence the N roots will be x -~ ~z (i = 1,..., N) with 
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0~ i real. The roots of  P(x),  which we shall call fli, are  given by 
fli = ~i(1 -- /3i) ,  and hence are real. (Note that no oq ---- - -1 because 
then P(x)  would have to be of  lower degree than N which, as we see from 
(6), is not the case.) 
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